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Abstract. In this paper the concept of two-dimensional discrete spectral measure
is introduced in the context of its application to real-valued evolutionary strategy
(1, λ)ES. The notion of discrete spectral measure makes it possible to uniquely
define a class of multivariate heavy-tailed distributions, that have received more
and more attention of evolutionary optimization community, recently. In partic-
ular, an adaptation procedure known from the class of estimation of distribution
algorithms (EDAs) is proposed. The effectiveness of the evolutionary strategy is
tested by means of a set of popular benchmark functions.

1 Introduction

During the last few decades, evolutionary algorithms (EAs) have been successfully ap-
plied in many areas of engineering [6], [7]. Their main advantage over many other opti-
mization techniques consists in the fact that EAs are based only on function evaluations
and comparisons. Because of that, EAs are able to deal successfully with problems that
cannot be easily solved by standard optimization procedures. Unfortunately, the EAs
also suffer from many serious drawbacks. The most severe one is related with the ap-
propriate choice of their control parameters. Namely, in the same way as for the most
stochastic optimization algorithm, also EAs are described by the set of exogenous param-
eters, which to a large extent determine their performance. Due to the fact, that each of
parameters has its own interpretation and has various sensitivity to the evolution pro-
cess, the problem of their adequate selection is of a paramount importance. Originally,
control parameters such as strength of mutation, population size, the selective pressure
are chosen during trial-and-error process or on the base of expert knowledge. Unfortu-
nately, in many engineering applications, the knowledge necessary to find optimal values
of exogenous parameters is inaccessible or the cost of its collection exceeds decidedly the
computational cost of the optimization process itself. One way out of these difficulties,
is to apply optimization tools with adaptive procedures. Generally speaking, algorithms
of this class make use of some heuristics and dedicated techniques that aim at adjusting
some of the control parameters automatically during optimization process.
In spite of the fact that the problem of parameters adaptation has been attacked from
various angles by many authors and a number of relevant results have already been



reported in the literature, there is still a lack of an unified theory that addresses the
problem.
In the field of evolutionary computation, most attention has been directed toward a
normal distribution so far. Thus, several relevant approaches to adaptation of its param-
eters have already been reported in the literature [1], [3], [4]. On the other hand, it is
noticeable that a normal distribution does not guarantee the highest performance of evo-
lutionary algorithms, so that other distributions have aroused EAs community interest
recently. In particular, a lot of attention has been drawn to the so-called heavy-tailed
distributions [2], [10], [12] [14], [15]. It turns out that evolutionary algorithms which
make use of distributions from this class gain abilities that allow them to find a balanced
compromise between exploration and exploitation of the serach space [2]. This paper
gives an introduction of the concept of multivariate, heavy-tailed α-stable mutation [8],
[13] that is applied to the simple evolutionary strategy (1, λ)ES [1]. First and foremost
the parametrization of the class by means of the so-called spectral discrete measure is
presented. Moreover, an adaptive procedure that allow to learn probabilistic model dur-
ing optimization process is proposed.
The paper in organized as follows. Second section contains an introduction to the concept
of multivariate stable distributions. Moreover, the notion of discrete spectral measure is
presented along with an example that illustrates its connection with covariance matrix
of the normal distribution. In third section an adaptive scheme that aims at adjusting
discrete spectral measure is briefly introduced. Section four contains experimental stud-
ies of the proposed algorithm on the set of popular benchmark functions. The paper is
summarized in the final section.

2 Multivariate α-stable distribution

Let us start this section with a brief introduction of the concept of multivariate α-
stable distributions. Generally, a complete definition of the stable random vectors can
be formulated in terms of a logarithm of their characteristic functions [13]:

ln
(
φ(k)

)
=

{ − ∫
S(d) |kT s|α(

1− isgn(kT s)tan(πα
2 )

)
Γ(ds) + ikT µ0, for α 6= 1

− ∫
S(n) |kT s|(1− i 2

π sgn(kT s)ln|kT s|)Γ(ds) + ikT µ0, for α = 1
(1)

where Γ(·) is the so-called spectral measure, and µ stands for shift vector. It turns out
that a pair {Γ, µ} uniquely determine stable distribution [13]. It is worth to mention
that every linear combination of stable vector described by (1) is univariate heavy-tailed
α-stable variable [16] Sα(σ, β, µ) where α ∈ (0, 2] is the so-called stability index, σ ∈ R+

stands for the scale parameter, β ∈ [−1, 1] is skewness coefficient and µ ∈ R is a shift
parameter. It must to stressed, that the definition of stable vectors is not straightforward
and the presence of spectral measure Γ causes that the class is not an ordinary para-
metric family. In consequence, a direct definition in practical application is used rather
occasionally. Indeed, in the subsequent part of the paper, our attention is restricted only
to the class of stable distributions with discrete spectral measure which possess decidedly
simpler form.



2.1 Stable distributions with discrete spectral measure

A discrete spectral measure Γ can be defined by means of Delta Dirac distribution in the
following way:

Γ(·; ξ, γ) =
ns∑

i=1

γiδsi
(·), (2)

where ξ = {si}ns
i=1, si ∈ ∂S(d) is the set of support points concentrated on a surface

of a d-dimensional unit sphere, and γ = {γi}ns
i=1 stands for the set of their weights

(nonnegative, real numbers). In this way, for every set A ⊂ ∂S(d) its measure is given
by:

Γ(A) =
ns∑

i=1

γiIA(si) (3)

where IA(·) is an indictor function of the set A. A logarithm of characteristic functions
(1) in the case of spectral measure (2) has the form [9]:

ln
(
φ(k)

)
=

{ −∑ns

i=1 γi|kT si|α
(
1− isgn(kT si)tan(πα

2 )
)

+ ikT µ0, forα 6= 1
−∑ns

i=1 γi|kT si|
(
1− i 2

π sgn(kT si)ln|kT si|
)

+ ikT µ0, forα = 1
(4)

It turns out, that a simulation procedure of stale random vectors X defined by character-
istic function (4) is straightforward, and can be implemented making use of the following
stochastic decomposition:

X
d=

{ ∑ns

i=1 γ
1/α
i Zisi for α 6= 1∑ns

i=1 γi

(
Zi + 2

π ln(γi)
)
si for α = 1

(5)

where Zi are i.i.d. stable random variables Sα(1, 1, 0) for which an effective generator
can be found in [13].

3 Learning probability model with discrete spectral measure

The necessity of adjusting probability model utilized to explore a search space is undis-
puted. Even in the case of stochastic optimization algorithms which are convergent to
global optimum, it can be notice that a fixed probability distribution usually causes many
serious problems. On one hand, tails of the distribution might be too narrow to allow
an algorithm to escape from basin of local solution in reasonable number of generations.
On the other hand, the probability mass focused around the center of mutation might
be insufficient to make a significant progress in improving an estimate of global solu-
tion. An ideal adaptation procedure should be able to detect each of these situations,
and adjust probabilistic model in such way to prevent an algorithm from stagnation.
In this section, an adaptive scheme known from the class of estimation of distribution
algorithms (EDAs) [5] is proposed to adjust a parametric probability model (2). In the
literature, several EDAs have been proposed for solving global optimization problems,
but their main idea utilized to evolutionary strategy (1, λ)ES with mutation operator
that is based on discrete spectral measure boils down to several simple steps:
Step 0: Set k = 1 and choose an initial guess of a global solution x0 and initial weights

vector γ0, i.e.:
xk = x0, Γk = (ξ, γ0), (6)



where ξ = {si}ns
i=1, si ∈ Sd is a fixed grid of a discrete spectral measure, and

γk = {γi}ns
i=1 stands for a vector of weights associated with support points si.

Step 1: Randomly pick a set of candidate solutions using probabilistic model Γk.

P k,λ = {xk,1,xk,2, . . . , xk,λ}, xk,i = xk + Xi, (7)

where Xi ∼ Γk are i.i.d. random vector generated according (5).
Step 2: Select µ the best solutions from the current population P k,λ:

P k,µ = {xk,1:λ, xk,2:λ, . . . , xk,µ:λ} (8)

Step 3: Build the probability model of the selected solutions P k,µ.

γk = E(P k,µ) (9)

where E(·) is an estimation procedure of the weights described in the subsequent
part of this section.

Step 4: Set xk = xk,1:λ.
Step 5: If the stopping condition are not met, go to Step 1.

3.1 Estimation of discrete spectral measure

In the literature several approaches to estimation discrete spectral measure from a given
data set can be found [9]. The simplest and the less computational intensive one was
presented in [9]. Since, the method bases on a fixed grid of points ξ = {si}ns

i=1 uniformly
distributed on the surface of a unit sphere, the estimation problem boils down to find-
ing the corresponding weights vector γ. It can be easily done by solving the following
constrained quadratic programming problem [9]:

γ∗ = arg min
γ≥0

||c−Aγ||2, (10)

where
c = [Re{I1:n/2}, Im{In/2+1:n}]T , A = [Re{ψT

1 }, ..., Im{ψT
n
}]T (11)

and Re(·), Im(·) stands for a real and imaginary part of a complex number respectively,
ψi = [ψ(sT

1 si), ψ(sT
2 si), . . . , ψ(sT

nsi)]T ∈ Cn where

ψ(u) =
{ |u|α(1− i sgn(u)tan

(
πα
2

)
), for α 6= 1

|u|(1− i 2
π sgn(u)ln

(|u|)), for α = 1 (12)

and I = −[ln
(
φ̂(s1)

)
, ln

(
φ̂(s2)

)
, . . . , ln

(
φ̂(sns)

)
]T . Moreover φ̂(·) stands for an empirical

characteristic function:

φ̂(k) =
1
N

N∑

i=1

exp(jkT xi), (13)

whereas {xi}N
i=1 is a given data set.

Problem (10) can be solved by using one of gradient-based optimization methods.



4 Experimental simulations

In order to test an effectiveness of the proposed evolutionary strategy with adaptive
discrete spectral measure (1, λ)ES− EDSM, series of experimental simulations has been
carried out with help of popular benchmark functions. For the sake of comparison, two
other evolutionary strategies with heavy-tailed mutations are tested as well. The first
one, denoted as (1, λ)ES− ISO possess mutation operator that is based on an isotropic
α-stable distribution [13], i.e., new solutions are generated according:

x
′
= x + A

1/2
α/2G, (14)

where Aα/2 ∼ Sα/2

(
(cos(πα

4 ))2/α, 1, 0
)

is a stable random variable [13], and G ∼ N (0, σIn).
Mutation operator in the second evolutionary strategy (1, λ)ES− IID generates individu-
als by disturbing a parent with a random vector that consists of independently, identically
distributed symmetric α-stable variables [11], i.e.:

x
′
= x + [SαS(σ), SαS(σ), . . . , SαS(σ)]T , (15)

Simulations experiments have been divided into two parts. The aim of the first one
was to investigate the effectiveness of proposed approach in the case of unimodal, well-
and ill-conditioned problems. The main purpose of the second part was to test global
optimization abilities of the considered evolutionary strategies. The brief characteristic
of the problems under consideration, details of experiments and obtained results are
reported in the next two subsections.

4.1 Unimodal functions

Let us considered the following unimodal quadratic problem:

f(x1, x2) = [x1, x2]T
(
−
√

2
2

√
2

2√
2
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√
2

2

) (
e1 0
0 e2

) (
−
√

2
2

√
2

2√
2

2

√
2

2

)T

[x1, x2] (16)

Algorithms under consideration were tested for four functions (16) with different 2-norm
condition numbers (the ratio of the largest singular value to the smallest), i.e.: (e1, e2) =
(1, 1), (10, 0.1), (100, 0.01), (1000, 0.001). Simulation experiments have been carried out
for stability index equals α = 1.2. Each algorithm has been started with the same initial
conditions, i.e., x0 = [1000, 1000]T , λ = 20. Number of individuals used to estimate
the discrete spectral measure for (1, λ)ES− EDSM strategy equals µ = 10. Moreover,
in the experiment, a discrete spectral measure spanned by ns = 8 support points was
used. Initially, each support point gets the same weights i.e., γ0 = [0.1, 0.1, . . . , 0.1]T .
The effectiveness of the considered approaches was evaluated on the base of sequences
ωi = (f (i)

1 , f
(i)
2 , . . . , f

(i)
Tmax

) of consecutive fitness values (index i denotes a particular
run). Fig. 1 depicts results of the experiments that are presented in the form of median
evaluated on the base of 30 independent collected sequences ω1, ω2, . . . , ω30.

4.2 Multimodal functions

In order to test an effectiveness of the proposed approach in the case of multimodal
functions, two following problems were considered:
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Fig. 1. Median of the fitness value calculated over 30 independent runs of each algorithm.
Parameters of the quadratic fitness function (16) (e1, e2) : (a) = (1, 1), (b) = (10, 0.1), (c) =
(100, 0.01), (d) = (1000, 0.001)

a) Ackley function

f(x) = 20 + exp(1)− 20exp
(
− 0.2

√√√√1
d

d∑

i=1

x2
i

)
− exp

(1
d

d∑

i=1

cos(2πxi)
)

(17)

b) Rastrigin function

f(x) =
d∑

i=1

x2
i − 10

d∑

i=1

cos
(
2πxi

)
+ 10 d (18)

Simulation experiments have been carried out for stability index equal α = 1.5. Every
algorithm, has been started with the same initial conditions, i.e., x0 = [100, 100]T for
Ackley function and x0 = [20, 20]T for Rastrigin function. All remaining initial conditions
were chosen in exactly the same way as in the experiments for unimodal functions. Fig. 2
medians of fitness values calculated on the base of 30 independent runs of each algorithm
are depicted.
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Fig. 2. Median of the fitness value calculated over 30 independent runs of each algorithm. (a)
- Ackley function, (b) - Rastrigin function

5 Conclusions

In the paper a new probability model that is used to explore the search space is pre-
sented. Namely, the proposed mutation operator is based on the class of heavy-tailed
distributions that are completely defined by the so-called discrete spectral measure - a
set of points that are concentrated on the surface of a unit sphere. It is interesting, that
a location and weights of the points carry an information about the mutual dependency
between particular elements of the random vector. In this paper it is shown, how the
parametric model can be learnt during optimization process. Namely, the idea known
form estimation of distribution algorithms has been applied to adjust discrete spectral
measure. The proposed approach, has been tested on a set of typical benchmark func-
tion. Results obtained for benchmark functions revealed an advantage of the proposed
approach over evolutionary strategies with the same stability indices but without adap-
tive procedures. It must to be stressed that the proposed approach is dedicated not only
to the two dimensional optimization problems. However, its effectiveness for higher di-
mensional optimization tasks, due to the size of the constrained quadratic programming
problem that must to be solved for estimation discrete spectral measure, may not be
satisfactory. One way out of this difficulty is to applied a smaller set of support points
for Γ(·; ξ, γ) or utilize some heuristics for adaptation discrete spectral measure.
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